Abstract. Via the theory of reverse lexicographic squarefree initial ideals of toric ideals, a general technique to construct Gorenstein Fano polytopes will be presented. In addition, Gorenstein Fano polytopes arising from the incidence matrices of simplicial complexes will be studied.
Introduction
Recall that an integral convex polytope is a convex polytope all of whose vertices have integer coordinates. An integral convex polytope P ⊂ R d of dimension d is called a Fano polytope if the origin of R d is a unique integer point belonging to the interior of P. We say that a Fano polytope P ⊂ R d is Gorenstein if the dual polytope P ∨ of P is again integral. Let P ⊂ R d be an integral convex polytope of dimension d and P ± ⊂ R d the centrally symmetric convex polytope which is the convex hull of P ∪ (−P). Since the origin of R d belongs to the interior of P ± , it is natural to ask when P ± is a Gorenstein Fano polytope. For example, the centrally symmetric polytope P ± G of the edge polytope P G of a finite simple graph G is studied in [10] . In addition, it is shown [6] that the centrally symmetric polytope O(P ) ± of the order polytope O(P ) of a finite partially ordered set P is a Gorenstein Fano polytope. In the present paper, developing fundamental technique originated in [6] on Gröbner bases of toric ideals with respect to reverse lexicographic orders, a general method to construct Gorenstein Fano polytopes will be presented. Furthermore, as one of the related topics, the problem when the toric ideal of the incident matrix of a simplicial complex possesses a squarefree initial ideals with respect to a certain reverse lexicographic order will be discussed.
Let Z ≥0 denote the set of nonnegative integers. Let A = [a 1 , . . . , a n ] ∈ Z , a 1 , . . . , a n } is a Fano polytope with 
. . , x n ] denote the polynomial ring in n variablers over K and define the surjective ring homomorphism π :
and in < (I A ) the initial ideal of I A with respect to <. We say that in < (I A ) is squarefree if in < (I A ) is generated by squarefree monomials. We refer the reader to [5 
Then the toric ideal I [−B,A] ♯ of [−B, A] ♯ possesses a squarefree initial ideal with respect to a reverse lexicographic order whose smallest variable corresponds to the
. . , n and π(y j ) = t −b j s for j = 1, . . . , m. Suppose that the reverse lexicographic orders < A and < B are induced by the orderings z < A x n < A · · · < A x 1 and z < B y m < B · · · < B y 1 . Let < rev be the reverse lexicographic order on K[x, y, z] induced by the ordering
, then supp(a) is the set of those 1 ≤ i ≤ d with a i = 0. Now, we introduce the following
The hypothesis that A and B are of harmony guarantees that c (+) is a column of
Now, write M A (resp. M B ) be the minimal set of squarefree monomial generators of in < A (I A ♯ ) (resp. in < B (I B ♯ )). Suppose that in <rev (I [−B,A] ♯ ) cannot be generated by the set of squarefree monomials
It then follows from [ , where P and R are subsets of {1, . . . , n}, where Q and S are subsets of {1, . . . , m}, where α is a nonnegative integer, and where each of i p , j q , k r , ℓ s is a positive integer. Since g = u − v is irreducible, one has P ∩ R = Q ∩ S = ∅. Furthermore, the fact that each of x i y j with (i, j) ∈ E can divide neither u nor v guarantees that
Let γ P = p∈P i p , γ Q = q∈Q j q , γ R = r∈R k r , and γ S = s∈S ℓ s . Then Given an integral convex polytope P ⊂ R d , we write A P for the integer matrices whose column vectors are those a ∈ Z d belonging to P. The toric ring K[A P ] is often called the toric ring of P. A triangulation ∆ of P with using the vertices belonging to P ∩ Z d is unimodular if the normalized volume ([5, p. 253]) of each facet of ∆ is equal to 1 and is flag if every minimal nonface of ∆ is an edge. It follows from [12, Chapter 8] that if the toric ideal I A P of A P possesses a squarefree initial ideal, then P possesses a unimodular triangulation. Furthermore if I A P possesses an initial ideal generated by quadratic squarefree monomials, then P possesses a unimodular triangulation which is flag.
An integral convex polytope P ⊂ 
with each a j ∈ Z.
In particular if P is a Fano polytope, then P is Gorenstein. Furthermore if P is a simplicial Fano polytope, then P is a smooth Fano polytope.
Proof. Let ∆ be the pulling triangulation ([5, p. 268]) coming from a squarefree initial ideal with respect to a reverse lexicographic order whose smallest variable corresponds to the column 0 ∈ Z d of A P . A crucial fact is that the origin of R 
In particular ∅ ∈ ∆. The incidence matrix A ∆ of ∆ is the matrix whose columns are those ρ(F ) with F ∈ ∆. We write P ∆ ⊂ R d for the (0, 1)-polytope which is the convex hull of { ρ(F ) : Recall that an integer matrix A is compressed ([8] , [13] ) if the initial ideal of the toric ideal I A is squarefree with respect to any reverse lexicographic order. Proof. By virtue of Corollary 2.2, we find a supporting hyperplane H of P ∆ with 0 ∈ H for which H ∩ P ∆ is a facet of P ∆ such that the equation of H cannot be of the form
In each of (i), (ii) and (iii), the equation of a desired hyperplane H is as follows:
In (i), it is easy to see that H ∩ P ∆ is a facet of P ∆ . In each of (ii) and (iii), it is known ( [11] , [14] ) that H ∩ P ∆ is a facet of P ∆ . ′ is an induced subcomplex of ∆, it follows that P ∆ ′ is a face of P ∆ . Thus [7] guarantees that in < (I A ∆ ) cannot be squarefree, as required.
We are now in the position to state a combinatorial characterization of simplicial complexes ∆ on [d] for which the toric ideal I A ∆ possesses a squarefree initial ideal with respect to a reverse lexicographic order whose smallest variable corresponds to the column 0 ∈ Z d of A ∆ . , then I A ♯ is generated by x 1 x 3 x 5 x 7 − x 2 x 2 4 x 6 . Thus the initial ideals of I A ♯ with respect to the reverse lexicographic order induced by the ordering z < x 2 < x 1 < x 3 < x 4 < x 5 < x 6 < x 7 is generated by x 1 x 3 x 5 x 7 , while the initial ideals of I A ♯ with respect to the reverse lexicographic order induced by the ordering z < x 1 < x 2 < x 3 < x 4 < x 5 < x 6 < x 7 is generated by x 2 x 2 4 x 6 . Even though A ♯ satisfies the condition (iii) of Theorem 2.6, the integer matrix A ♯ cannot be compressed.
